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Our problem

B = (Bx)x∈Rd stationary Gaussian field, Bx ∼ N(0, 1).

B has covariance function C : Rd → R

C (x − y) := Cov(Bx ,By ) , x , y ∈ Rd .

Fix D ⊆ Rd compact, φ : R → R. Consider the functional

Y (t) :=

∫
tD

φ(Bx) dx

Problem: Ỹ (t) :=
Y (t)− E[Y (t)]√

Var(Y (t))

d−→ ? as t → ∞.
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Geometric functionals

We focus on φ = 1[−M,M]

Y (t) =

∫
tD

φ(Bx) dx = Vol ({|Bx | ≤ M} ∩ tD)

Leonardo Maini (Università degli Studi di Milano-Bicocca)

Limit theorems for functionals of stationary Gaussian fields



Short memory and CLTs

Definition

(Ax)x∈Rd stationary, with covariance K (x) = Cov(A0,Ax) has
short (long) memory if K ∈ L1(Rd) (K ̸∈ L1(Rd)).

Y (t) :=

∫
tD

Ax dx =

∫
tD

1[−M,M](Bx) dx

(Bx)x∈Rd with covariance function C . Then

1[−M,M](Bx) has short (long) memory if C ∈ L2 (C ̸∈ L2).
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Short/long memory and limit in distribution

Y (t) :=

∫
tD

1[−M,M](Bx) dx

Theorem (Breuer-Major, J. Multiv. Analysis, 1983)

C ∈ L2 (short memory) =⇒ Ỹ (t)
d→ N(0, 1).

Theorem (Dobrushin-Major (PTRF, 1979); Taqqu (PTRF, 1975))

C (x) ≍ 1
∥x∥β , β ∈ (0, d2 ) (long memory) =⇒ Ỹ (t)

d
̸→ N(0, 1).

Warning! Intuition on short/long memory can be misleading.
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CLTs in the case of long memory: motivating examples

Berry’s random wave model: B with covariance function

C (x) =

∫
Sd−1

e i⟨x ,θ⟩
dθ

ωd−1
≈ cos(∥x∥ − cd)

∥x∥
d
2
− 1

2

,

B with separable covariance function C : Rd1+d2 → R

C (x1, x2) = C1(x1)C2(x2) ≈
1

∥x1∥
d1
2
+ϵ

1

∥x2∥
d2
2
−ϵ

, xi ∈ Rdi .

E.g.: rectangular increments of a fractional Brownian sheet.
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CLT in the case of long memory

Theorem (M., Nourdin, Ann. Probab., 2024)

If d ≥ 2, C (x) = ρ(∥x∥), C (x) =
∫
Rd e

i⟨x ,λ⟩G (dλ), then∫
Rd

∥λ∥−
d
2G (dλ) < ∞ =⇒ Ỹ (t)

d→ N(0, 1)

Berry’s random wave model: B with covariance function

C (x) =

∫
Sd−1

e i⟨x ,θ⟩
dθ

ωd−1
≈ cos(∥x∥ − cd)

∥x∥
d
2
− 1

2

,
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CLT for p-domain functionals

Y (t1, . . . , tp) =
∫
t1D1×···×tpDp

1[−M,M](B(x1,...,xp)) dx1 . . . dxp .

Main motivation: spatio-temporal functionals.

Theorem (Leonenko, M., Nourdin, Pistolato, (EJP, 2024+.))

C (x1, . . . , xp) = C1(x1) . . .Cp(xp) , C ∈
⋃

M LM then

Ci ∈ L2(Rdi ) for some i =⇒ Ỹ (t1, . . . , tp) → N(0, 1).

C ̸∈ L2 , Ci ∈ L2(Rdi ) =⇒ Ỹ (t1, . . . , tp) → N(0, 1) .
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Sketch of the proof

Step 1: Ci is a covariance function (of a Gaussian field B(i)).

Yi (ti ) =

∫
tiDi

1[−M,M]

(
B

(i)
xi

)
dxi

Step 2: 1[−M,M](x) can be replaced by H2(x) = x2 − 1.

Step 3: use 4th moment theorems (Nualart, Peccati, Ann.
Probab., 2005); (Nourdin, Peccati, PTRF, 2009);...

Step 4: prove separability for the fourth cumulants.
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Thank you!
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